The paper aims to apply the complex-sedenions to explore the wavefunctions and field equations of non-Abelian gauge fields, considering the spatial dimensions of a unit vector as the color degrees of freedom in the complex-quaternion wavefunctions, exploring the physical properties of the color confinement essentially. J. C. Maxwell was the first to employ the quaternions to study the physical properties of electromagnetic fields. His method inspires some subsequent scholars to introduce the quaternions, octonions, and sedenions to research the electromagnetic field, gravitational field, nuclear field, quantum mechanics, and gauge field. The application of complex-sedenions is capable of depicting not only the field equations of the classical mechanics on the macroscopic scale, but also the field equations of the quantum mechanics on the microscopic scale. The latter can be degenerated into the Dirac equation and Yang-Mills equation. In contrast to the complex-number wavefunction, the wavefunction in the complex-quaternion space possesses three new degrees of freedom, that is, three color degrees of freedom. One complex-quaternion wavefunction is equivalent to three conventional wavefunctions with the complex-numbers. It means that the three spatial dimensions of unit vector in the complex-quaternion wavefunction can be considered as the 'three colors', naturally the color confinement will be effective. In other words, in the complex-quaternion space, the 'three colors' are only the spatial dimensions, rather than any property of physical substance. The existing 'three colors' can be merged into the wavefunction, described with the complex-quaternions.
I. INTRODUCTION
The essence of the color degrees of freedom in the strong-nuclear fields is attracting increasing attention of many researchers. Since a long time, this conundrum has been intriguing and puzzling numerous scholars. For many years, this puzzle urged some scholars to propose several sorts of hypotheses, attempting to reveal the essence of the color degrees of freedom. Until recently, the appearance of the quantum mechanics on the microscopic scale, described with the complex-sedenions, replies partially to this puzzle. The quantum mechanics, described with the complexsedenions, is capable of deducing the wavefunctions, Dirac wave equations, Yang-Mills equations of the non-Abelian gauge field, and field equations of the electroweak field and so forth. Especially, their wavefunctions, described with the complex-quaternions, are able to elucidate directly the color degrees of freedom.
C.-N. Yang and R. L. Mills found the field equations for a non-Abelian gauge field in 1954. The field equations of non-Abelian gauge fields were supposed to be applicable to each of four fundamental fields. After the mass problem was finally conquered by means of the spontaneous symmetry breaking and Higgs mechanism, the Yang-Mill equations can be applied to construct successfully the unified theory of the electromagnetic field and weak-nuclear field. The triumph of the electroweak theory edified a part of scholars to extend the Yang-Mill equations into the strong-nuclear fields, establishing the quantum chromodynamics (QCD for short).
M. Gell-Mann and G. Zweig posited independently the model of quarks in 1964. In the same year, O. W. Greenberg introduced a sort of the degree of freedom for the subatomic particles, that is, the color degree of freedom. In the QCD, the scholars assume that a species of 'charge' is capable of producing the strong-nuclear field, and possesses 'three colors'. And it is called as the color charge, which is similar to the electric charge in the electromagnetic fields. The color charge is a fundamental and crucial assumption, and is the theoretical footstone of the QCD. On the basis of the assumption of color charge, it is able to conduct a variety of theoretical inferences and perform diverse experimental validations, for the QCD. Up to now, the color charge of quarks and gluons have not yet been observed directly in the experiments. As a result, a rule had been summarized to explain correlative physical phenomena. That is, only the 'colorless' hadrons can be studied or observed in the physics. This rule was called as the quark confinement or color confinement.
However, the QCD is unable to elucidate the physical phenomena of color confinement by itself. Consequently it is necessary to introduce several hypotheses, including the lattice gauge theory, non-Abelian monopoles, microscopic resonance, hidden local symmetry, color charge, soliton model, string theory and so forth. Using the magnetic symmetry structure of non-Abelian gauge theories of the Yang-Mills type, Chandola et al.
[1] discussed the mathematical foundation of dual chromodynamics in fiber-bundle form. Nakamura et al. [2] studied the long-range behavior of the heavy quark potential in Coulomb gauge, using a quenched SU(3) lattice gauge simulation with partial-length Polyakov line correlators. Chaichian et al. [3] adopted that the colored states are unphysical, so the colored particles cannot be observed. And there are two phases in QCD distinguished by different choices of the gauge parameter. Eto et al. [4] argued that the dual transformation of non-Abelian monopoles, resulting in the dual system being in the confinement phase. Wang et al. [5] proposed a new kind microscopic resonance, the color confinement multi quark resonance. Suzuki et al. [6] observed the Abelian mechanism of non-Abelian color confinement in a gauge-independent way, by the high precision lattice Monte Carlo simulations in the gluodynamics. The authors [7] studied the mechanism of non-Abelian color confinement in SU(2) lattice gauge theory, in terms of the Abelian fields and monopoles extracted from the non-Abelian link variables without adopting gauge fixing. Yamamoto et al. [8] proposed a new lattice framework to extract the relevant gluonic energy scale of QCD phenomena, which is based on a 'cut' on link variables in momentum space. Yu et al. [9] studied the liquid properties of the strongly coupled quark-gluon plasma during the intermediate stage and after the end of crossover from the hadronic matter to the strongly coupled quark-gluon plasma, by means of the bond percolation model. Braun et al. [10] identified a simple criterion for quark confinement, computing the order-parameter potential from the Landau-gauge correlation functions. Troshin et al. [11] discussed how the confinement property of QCD results in the rational unitarization scheme, and how the unitarity saturation leads to the appearance of a hadron liquid phase at very high temperatures. Kitano et al. [12] identified the gauge theory, with the hidden local symmetry, as the magnetic picture of QCD, enabling a linearly realized version of gauge theory to describe the color confinement and chiral symmetry breaking. Pandey et al. [13] studied an effective theory of QCD, in which the color confinement is realized through the dynamical breaking of magnetic symmetry, leading to the magnetic condensation of QCD vacuum. Gates et al. [14] presented the evidence in some examples that an Adinkra quantum number seems to play a role with regard to off-shell 4D, N = 2 supersymmetry similar to the role of color in QCD. Brodsky et al. [15] showed that a mass gap and a fundamental color confinement scale will arise, when one extends the formalism of de Alfaro, Fubini and Furlan to the frame-independent light-front Hamiltonian theory. The author [16] studied the light-front wavefunctions and the functional form of the QCD running coupling in the nonperturbative domain, connecting the parameter in the QCD running coupling to the mass scale underlying confinement and hadron masses. Kharzeev et al. [17] modified the gluon propagator to reconcile perturbation theory with the anomalous Ward identities for the topological current in the vacuum, making explicit the connection between confinement and topology of the QCD vacuum. The existence of so many hypotheses, to attempt to elucidate the color confinement, announces that our present understanding with respect to the strong-nuclear field is quite inadequate.
Some scholars proposed the Standard Model of elementary particles, attempting to further unify the QCD and Electroweak theory. This promising unification hypothesis is anticipated to be a huge success, although it does not include the gravitational field. Nevertheless, the Standard Model is either unable to unpuzzle the color confinement, color charge, and dark matter and so forth. Consequently, some scholars put the effort towards a few theoretical schemes in recent years, such as, 'Beyond the Standard Model', 'Superstring theory', and 'Beyond the Relativity' and so forth.
Making a detailed comparison and analysis of preceding studies, a few primal problems of these theories are found as follows: a) Four interactions. Either of the QCD and Electroweak theories is incapable of containing the gravitational interaction. Even in the theories regarding the 'Beyond the Standard Model', there is not any tangible theoretical scheme, to include the gravitational interaction. In the four fundamental interactions, the gravitational interaction is the first to be discovered in the history. Unfortunately, the gravitational interaction still lies outside the mainstream of current unification theories. It means that the mainstream of current unification theories may be seized of some fatal defects essentially, so that they are unable to cover and describe the four fundamental interactions simultaneously. It is well known that an appropriate unification theory must be able to depict the four fundamental interactions simultaneously, especially the gravitational interaction.
b) Color confinement. The QCD and other existing theories are incapable of revealing the essence of color degrees of freedom. Either they cannot determine whether the color degrees of freedom belong to the physical substance or spatial dimension, and even others. Therefore they are unable to explain effectively the physical properties of color degrees of freedom. Under the circumstance that the essence of color degrees of freedom cannot be comprehended, the QCD assumed prematurely the color degrees of freedom are induced by one sort of physical substance, that is, the color charge. Undoubtedly this assumption is governed by expediency. As one fundamental assumption of QCD, the color charge may encounter certain setbacks or challenges, bringing negative effects on the subsequent development of theory. However, even though the color charge was deemed as one species of the physical substance, the QCD and assumed the dark matter may be able to be interpreted as matter emitting photons in a different triality sector, rather than that of electromagnetic probes in the world. With the help of the algebraic properties of quaternions and octonions, Kalauni et al. [50] obtained the fully symmetric Dirac-Maxwell's equations as one single equation. Negi et al. [51] applied the octonion to express the consistent form of generalized Maxwells equations in presence of electric and magnetic charges (dyons). In terms of the Zorn vector matrix realization, Chanyal et al. [52] described the octonion formulation of Abelian/non-Abelian gauge theory. The authors [53] analyzed the role of octonions in various unified field theories associated with the dyon and dark matter, reconstructing the field equations of hot and cold dark matter by means of split octonions.
A few scholars adopt the sedenions to explore the Dirac wave equation, gravitational field equations, electromagnetic field equations, curved space, and dark matters and so forth. Koplinger [54] applied the conic sedenions to express the Dirac equation in physics through the hyperbolic subalgebra, together with a counterpart on circular geometry that has been proposed for description of gravity. Making use of the conic sedenions, the author [55] proposed the classical Minkowski and a new Euclidean space-time metric, in an alignment program for large body (non-quantum) physics. By transitioning between different geometries through genuine hypernumber rotation, the author [56] demonstrated a method to extend the complex-number algebra using nonreal square roots of +1 to aid the mathematical description of physical laws. Mironov et al. [57] represented the sedenions to generate the associative noncommutative spacetime algebra, and demonstrated a generalization of relativistic quantum mechanics using sedenionic wavefunctions and sedenionic space-time operators. Making use of the sedenions, the authors [58] demonstrated some fundamental aspects of massive field's theory, including the gauge invariance, charge conservation, Poynting's theorem, potential of a stationary scalar point source, plane wave solution, and interactions between point sources. On the basis of the sedenionic space-time operators and sedenionic wavefunctions, the authors [59] discussed the gauge invariance of generalized second-order and first-order wave equations for massive and massless fields. Demir et al. [60] presented the conic sedenionic formulation for the unification of generalized field equations of dyons (electromagnetic theory) and gravito-dyons (linear gravity). Chanyal [61] formulated the sedenionic unified potential equations, field equations, and current equations of dyons and gravito-dyons, and developed the sedenionic unified theory of dyons and gravitodyons, in terms of two eight-potentials leading to the structural symmetry. By means of the dual octonion algebra, the author [62] formulated a new set of electrodynamic equations for massive dyons, and made an attempt to obtain the symmetrical form of generalized Proca-Dirac-Maxwell equations with respect to the dual octonion form.
The application of the complex-sedenions is able to express the relevant physical quantities as the wavefunctions in the paper, describing the quantum mechanics connected with the four fundamental interactions, including the non-Abelian gauge field, and electroweak field, and dark matter field and so forth. The quantum mechanics described with the complex-sedenions is capable of solving a part of conundrums, derived from the Standard Model and even 'Beyond the Standard Model'. a) Four fundamental fields. According to the basic postulates [63] , one fundamental field extends its individual space. Each of fundamental fields can be described independently by one complex-quaternion space. The four complexquaternion spaces for the four fundamental fields are perpendicular to each other. Consequently the complex-octonion space is able to study two fundamental fields simultaneously, such as, the electromagnetic and gravitational fields. Meanwhile the quantum mechanics in the complex-sedenion space is capable of exploring the four fundamental fields, including the electromagnetic field, gravitational field, and nuclear field. b) Color confinement. In case the direction of a three-dimensional unit vector i q , in the complex-quaternion wavefunction, is incapable of playing a major role, the unit vector i q will be degenerated into the imaginary unit i, or one new three-dimensional unit vector i ′ q , which is independent of the unit vector i q . The wavefunctions with the imaginary unit i can be applied to study the quantum properties of some particles (such as, the electrons). Further the wavefunctions with the new three-dimensional unit vector, i ′ q , can be utilized to explore the quantum properties of some other particles (for instance, the quarks), which are in possession of 'three colors'. The three-dimensional unit vector, i ′ q , embodies the physical properties of 'three colors' relevant to the quarks. Consequently one complexquaternion wavefunction is able to be degenerated into three complex-number wavefunctions, which are independent of each other. In other words, the color degrees of freedom can be merged into the wavefunctions, described with the complex-quaternions. And the color degrees of freedom are only the spatial dimensions, rather than any property of physical substance. c) Dark matter fields. In the electromagnetic and gravitational fields described with the complex-octonions, there are two sorts of adjoint fields. One of them can be considered as the dark matter field, because the adjoint field possesses a few major properties of the fundamental fields. In the four fundamental interactions, described with the complex-sedenions, there are four fundamental fields and twelve adjoint fields. Three adjoint fields of them can be regarded as the dark matter fields. Moreover, the field sources of these three adjoint-fields can be combined with that of some other adjoint fields or fundamental fields to become certain comparatively complicated particles, producing several physical effects of dark matters.
In the paper, the complex-sedenions can be utilized to investigate simultaneously the four fundamental interactions, deducing the field equations of classical mechanics on the macroscopic scale (in Section 3), including the integrating function of field potential, field potential, field strength, field source, linear momentum, angular momentum, torque, and force and so forth. On the basis of the exponential form of complex-quaternions, either of complex-octonion and complex-sedenion can be written as the exponential form, expressing the relevant physical quantities as the wavefunctions. Making use of the composite operator and the wavefunction of physical quantity, it is able to derive similarly the field equations of quantum mechanics on the microscopic scale (in Section 5), from the preceding field equations of classical mechanics. Under few approximate conditions, the field equations of quantum mechanics, described with the complex-sedenions, can be degenerated into the Dirac wave equation or Yang-Mills equation and so forth. Further the unit vector of the complex-quaternion wavefunction is seized of three spatial dimensions, which can be interpreted as the color degrees of freedom. In other words, the color degrees of freedom are merely the spatial dimensions, rather than any property of physical substance, accounting for the rule of color confinement naturally.
II. SEDENION SPACE
By means of the algebraic property of sedenions, it is found that one complex-sedenion space consists of four complex-quaternion spaces. On the basis of the basic postulates (see Ref. [63] ), the complex-sedenion space is able to describe the four sorts of fundamental fields simultaneously. However, according to the electroweak theory, the four fundamental fields in the paper include the gravitational field, electromagnetic field, and strong-nuclear field, except for the existing weak-nuclear field.
In the electroweak theory, the weak-nuclear field and electromagnetic field can be unified into the electroweak field. Either of the weak-nuclear field and electromagnetic field is merely one constituent of the electroweak field, so the weak-nuclear field would not be regarded as one fundamental field any more. Further, in the quantum mechanics described with the complex-sedenions, the weak-nuclear field can be considered as the adjoint field of electromagnetic field. As one significant component, the weak-nuclear field can be merged into the electromagnetic field described with the complex-sedenions (in Section 7). And the electromagnetic field, described with the complex-sedenions, can be degenerated naturally into the existing electroweak field.
However, it is inevitable that there must be simultaneously four sorts of fundamental fields in the complex-sedenion space, according to the multiplicative closure of sedenions. The four fundamental fields contain the gravitational field, electromagnetic field, strong-nuclear field, and one new species of unknown fundamental field. The last is called as W-nuclear field temporarily, marking with the initial of weak traditionally. In other words, in the field theory described with the complex-sedenions, the four fundamental fields are the gravitational field, electromagnetic field, strong-nuclear field, and W-nuclear field. Apparently, the weak-nuclear field is replaced by the W-nuclear field, in the paper.
In the complex-quaternion space H g for the gravitational fields, the coordinates are, iR g0 and R gk , the basis vector is I gj , the complex-quaternion radius vector is, R g = iI g0 R g0 + ΣI gk R gk . Similarly, in the complex 2-quaternion (short for the second quaternion) space H e for the electromagnetic fields, the coordinates are, iR e0 and R ek , the basis vector is I ej , the complex 2-quaternion radius vector is, R e = iI e0 R e0 + ΣI ek R ek . In the complex 3-quaternion (short for the third quaternion) space H w for the W-nuclear fields, the coordinates are, iR w0 and R wk , the basis vector is I wj , the complex 3-quaternion radius vector is, R w = iI w0 R w0 + ΣI wk R wk . In the complex 4-quaternion (short for the fourth quaternion) space H s for the strong-nuclear fields, the coordinates are, iR s0 and R sk , the basis vector is I sj , the complex 4-quaternion radius vector is, R s = iI s0 R s0 + ΣI sk R sk . Herein, it is convenient to apply the superscript or subscript, g, e, w, and s, to mark respectively the physical quantities in the gravitational field, electromagnetic field, W-nuclear field, and strong-nuclear field. R gj , R ej , R wj , and R sj are all real. R g0 = v 0 t. v 0 is the speed of light, and t is the time.
The symbol • denotes the multiplication of sedenion. j = 0, 1, 2, 3. k = 1, 2, 3. i is the imaginary unit.
In the above, the four independent complex-quaternion spaces, H g , H e , H w , and H s , are perpendicular to each other. They can be combined together to become one complex-sedenion space K . In the complex-sedenion space K , the basis vectors are, I gj , I ej , I wj , and I sj . The complex-sedenion radius vector is, R = R g +k eg R e +k wg R w +k sg R s . Herein, k eg , k wg , and k sg are coefficients.
In the complex-quaternion space H g for the gravitational fields, the complex-quaternion operator is, ♦ g = iI g0 ∂ g0 + ΣI gk ∂ gk , with ∂ gj = ∂/∂R gj . In the complex 2-quaternion space H e for the electromagnetic fields, the complex 2-quaternion operator is, ♦ e = iI e0 ∂ e0 +ΣI ek ∂ ek , with ∂ ej = ∂/∂R ej . In the complex 3-quaternion space H w for the Wnuclear fields, the complex 3-quaternion operator is, ♦ w = iI w0 ∂ w0 + ΣI wk ∂ wk , with ∂ wj = ∂/∂R wj . In the complex 4-quaternion space H s for the strong-nuclear fields, the complex 4-quaternion operator is, ♦ s = iI s0 ∂ s0 + ΣI sk ∂ sk , with ∂ sj = ∂/∂R sj . As a result, the complex-sedenion operator is,
III. CLASSICAL FIELD EQUATIONS
In contrast to the spaces in the Newtonian mechanics, the multidimensional spaces in the paper are differentiated. On the basis of the basic postulates, the spaces to research the four fundamental interactions have been extended from a single complex-quaternion space to four complex-quaternion spaces. Meanwhile the concepts of fields are differentiated also. According to the properties of the complex-sedenion space, the fields to study the four fundamental interactions have been extended from the four fundamental fields to the four fundamental fields and twelve adjoint fields. The adjoint fields possess merely a few major properties of the fundamental fields (see Ref. [18] ).
Making use of the properties of the complex-sedenions, it is able to deduce the field equations relevant to the gravitational fields, electromagnetic fields, strong-nuclear fields, and W-nuclear fields on the macroscopic scale, including the field potential, field strength, field source, linear momentum, angular momentum, torque, and force and so forth. And some of these physical quantities can be separated and degenerated into the electromagnetic field equations, Newton's law of universal gravitation, mass continuity equation, current continuity equation, force equilibrium equation, and precessional equilibrium equation and so forth.
A. Field potential ⋆ s . Especially, the operation of complex conjugate will be applied to some physical quantities, except for the coefficients, k eg , k wg , and k sg . The symbol ⋆ stands for the complex conjugate.
The complex-sedenion field potential A includes the field potentials of four fundamental fields and of twelve adjoint fields obviously. The ingredients of the field potentials in the four complex-quaternion spaces are as follows: a) In the complex-quaternion space H g , the component A g contains the gravitational fundamental field potential A 
B. Field strength
From the complex-sedenion field potential, it is able to define the complex-sedenion field strength F as,
where 
C. Field source
Making use of the physical properties of the field strength, the complex-sedenion field source S can be defined as,
where
, S w , and S s are respectively the components of the field source S in the spaces, H g , H e , H w , and H s . µ , µ g , µ e , µ w , and µ s are coefficients. The symbol * denotes the sedenion conjugate.
The complex-sedenion field source S consists of the field sources of four fundamental fields and of twelve adjoint fields obviously. The ingredients of the field sources in the four complex-quaternion spaces are as follows: a) In the complex-quaternion space H g , the component S g covers the gravitational fundamental field source S (Table 1) .
In case the strong-nuclear field and W-nuclear field can be neglected, the definitions of field potential, field strength, and field source, described with the complex-sedenions, can be reduced respectively into that described with the complex-octonions. Further the definitions of field sources, described with the complex-octonions, can be simplified into the Newton's law of universal gravitation and Maxwell equations, described with the complex-quaternions. Meanwhile, a species of electromagnetic adjoint field can be chosen as the dark matter field, in the complex-octonion space.
D. Angular momentum
In the complex-sedenion space K , from the complex-sedenion field source, it is able to define the complex-sedenion linear momentum P as,
where P = P g + k eg P e + k wg P w + k sg P s . P g , P e , P w , and P s are respectively the components of the linear momentum P in the spaces, H g , H e , H w , and
P g0 + ΣI gk P gk . P e = iI e0 P e0 + ΣI ek P ek . P w = iI w0 P w0 + ΣI wk P wk . P s = iI s0 P s0 + ΣI sk P sk . P gj , P ej , P wj , and P sj are all real.
From the complex-sedenion radius vector R , linear momentum P , and integrating function of field potential X , it is capable of defining the complex-sedenion angular momentum L as ,
From the complex-sedenion angular momentum, it is able to define the complex-sedenion torque W as,
sg ♦ s . And that the ingredients of the torque in the four complex-quaternion spaces are as follows,
TABLE I: The 'charges' of fundamental fields and of adjoint fields in the four complex-quaternion spaces, relevant to the complex-sedenion space. From the complex-sedenion torque, it is capable of defining the complex-sedenion force N as,
, N w , and N s are respectively the components of the force N in the spaces, H g , H e , H w , and H s . And that the ingredients of the torque in the four complex-quaternion spaces are as follows,
The above shows that the application of complex-sedenion is able to infer some field equations, relevant to fundamental fields and adjoint fields, in the classical mechanics on the macroscopic scale ( Table 2 ). In the complex-sedenion space, the complex-sedenion angular momentum comprises the orbital angular momentum, magnetic moment, and electric moment and so forth. The complex-sedenion torque consists of the conventional torque and energy and so on. In most cases, the complex-sedenion force will be equal to zero. From the equation, it is able to deduce the force equilibrium equation, precessional equilibrium equation, power equation, mass continuity equation, and current continuity equation and so forth. The force equilibrium equation includes the inertial force, gravity, electromagnetic force, and energy gradient and so forth. As a force term, the energy gradient can be applied to explore the astrophysical jets (see Ref. [33] ) , condensed dark matters, and new principle of the accelerator and so forth. Meanwhile the precessional equilibrium equation can be utilized to account for certain precessional motions, deducing the angular velocity of Larmor precession and so forth.
In case the strong-nuclear field and W-nuclear field can be neglected, the definitions of angular momentum, torque, and force, described with the complex-sedenions, can be degenerated into that described with the complex-octonions respectively. 
IV. WAVE FUNCTION
In the quantum mechanics, what plays an important role is the wavefunction, connected with the physical quantities in the classical mechanics, rather than any pure physical quantity in the classical mechanics. Therefore, in the classical mechanics described with the complex-sedenions, it is necessary to multiply the physical quantity, in the classical mechanics, with the dimensionless complex-sedenion auxiliary quantity, transforming it to become the wavefunction. For instance, the wavefunction of the complex-sedenion angular momentum L is, Ψ ZL = Z L • L/ . Herein Z L is a dimensionless auxiliary quantity, and (2π ) is the Planck constant. Apparently, the wavefunctions or quantum physical quantities in the quantum mechanics are some functions of the physical quantities in the classical mechanics (Table 3 ). In the Table 3 , the complex-sedenion quantum physical quantities include the quantum integrating function of field potential, quantum-field potential, quantum-field strength, quantum-field source, quantum linear momentum, quantum angular momentum, quantum torque, and quantum force and so on. In other words, in terms of the concept of function, the quantum-fields of the quantum mechanics on the microscopic scale are just the functions of the classical fields of the classical mechanics on the macroscopic scale. There are some similarities as well as differences between the quantum physical quantity and classical physical quantity.
In the subspace H g of the complex-octonion space O , the complex-quaternion wavefunction is defined as, Ψ Lg = L g / , in terms of the complex-quaternion angular momentum L g . The major ingredient of Ψ Lg is, Ψ ′ Lg = L q exp(i q α q ). By means of certain appropriate transformations (Appendix A), it is able to achieve two new wavefunctions,
Herein L q and α q are all real. i q is a three-dimensional unit vector, and z is a vector.
In the complex-octonion space O , which consists of two complex-quaternion spaces, H g and H e , any complexquaternion wavefunction can be degenerated into two correlative wavefunctions. a) Imaginary unit. When the direction of unit vector i q is incapable of playing a major role in the complex-quaternion wavefunction, the unit vector i q will be degenerated into the imaginary unit i. If the unit vector i q can be replaced by the imaginary unit i , the above wavefunctions, Ψ and Ψ ′′ , will be degraded into the wavefunction, described with the complex-number, in the conventional quantum mechanics. b) Unit vector. When the vector property of the unit vector i q can be neglected partially in the complex-quaternion wavefunction, the unit vector i q will be degenerated into a new three-dimensional unit vector i ′ q , which is independent of the unit vector i q . In case the unit vector i q can be replaced by the unit vector i ′ q , the three-dimensional unit vector i ′ q will possess three new degrees of freedom, in contrast to the imaginary unit i . That is, one wavefunction with the unit vector i ′ q is equivalent to three conventional wavefunctions with the complex-numbers. In a general way, a complex-quaternion wavefunction may be degraded into three complex-number wavefunctions, which are independent of each other. If we mistake the three-dimensional unit vector, i ′ q , for the imaginary unit, either of two wavefunctions, Ψ and Ψ ′′ , must be considered equivalently as the complex-number wavefunctions, which are in possession of three new degrees of freedom. Herein
Similarly, in the complex-quaternion space H g , in terms of some other physical quantities, also it is able to define their corresponding complex-quaternion wavefunctions. What is more interesting is that, it is capable of defining further some complex-quaternion wavefunctions, connected with the physical quantities, in the rest of complexquaternion spaces, H e , H w , and H s . Moreover, under certain different circumstances, one should choose different approximate results (imaginary unit i , or unit vector i ′ q and so forth) for the complex-quaternion wavefunctions, in order to facilitate these complex-quaternion wavefunctions to be degenerated into a few wavefunctions, described with complex-numbers, in the conventional quantum mechanics. 
In the complex-sedenion space K , making use of the exponential forms and wavefunctions of the complex-sedenions, it is able to deduce the quantum-field equations, on the microscopic scale, for the gravitational fields, electromagnetic fields, W-nuclear fields, and strong-nuclear fields, including the quantum-field potential, quantum-field strength, quantum-field source, quantum linear momentum, angular momentum, quantum torque, and quantum force and so forth.
The quantum-fields of the quantum mechanics on the microscopic scale are just the functions or transformations of the classical fields of the classical mechanics on the macroscopic scale, in the complex-sedenion space K . In a similar way to the method of the mathematical inference, for the field equations of classical mechanics on the macroscopic scale, it is capable of deducing the field equations of the quantum mechanics on the microscopic scale. Starting from the integrating-function of field potential X , of the field equations in the classical mechanics, one can infer gradually the field equations in the quantum mechanics (Table 4) . Obviously, a majority of physical quantities and field equations in the Table 4 are different from that in the Table 2 . For instance, the quantum-field source S (Ψ) in the Table 4 is independent of the classical field source S in the Table 2 .
A. Quantum field potential
In the complex-sedenion space K , the complex-sedenion quantum integrating-function of field potential is,
Ψ)w , and X (Ψ)s are respectively the components of the quantum integrating-function of field potential X (Ψ) in the spaces, H g , H e , H w , and H s . Herein X (Ψ) = Z X • X, and Z X is one auxiliary quantity.
According to the multiplication rule of the sedenions, the complex-sedenion quantum-field potential A (Ψ) includes the quantum-field potentials of the four fundamental quantum-fields (that is, gravitational fundamental quantum-field, electromagnetic fundamental quantum-field, W-nuclear fundamental quantum-field, and strong-nuclear fundamental quantum-field), and twelve adjoint quantum-fields. And that the ingredients of the quantum-field potential in the four complex-quaternion spaces are as follows: a) In the complex-quaternion space H g , the component A (Ψ)g contains the gravitational fundamental quantum-field potential A g (Ψ)g , electromagnetic adjoint quantum-field potential A e (Ψ)e , W-nuclear adjoint quantum-field potential A w (Ψ)w , and strong-nuclear adjoint quantum-field potential A 
B. Quantum field strength
From the complex-sedenion quantum-field potential, it is able to define the complex-sedenion quantum-field strength F (Ψ) as,
where F (Ψ) = Z F • F , and Z F is one auxiliary quantity.
, F (Ψ)w , and F (Ψ)s are respectively the components of the quantum-field strength F (Ψ) in the spaces, H g , H e , H w , and H s . The complex-sedenion quantum-field strength F (Ψ) comprises the quantum-field strengths of four fundamental quantum-fields and of twelve adjoint quantum-fields obviously. The ingredients of the quantum-field strengths in the four complex-quaternion spaces are as follows: a) In the complex-quaternion space H g , the component F (Ψ) comprises the gravitational fundamental quantumfield strength F g (Ψ)g , electromagnetic adjoint quantum-field strength F e (Ψ)e , W-nuclear adjoint quantum-field strength F w (Ψ)w , and strong-nuclear adjoint quantum-field strength F 
C. Quantum field source
Making use of the physical properties of the quantum-field strength, the complex-sedenion quantum-field source S (Ψ) can be defined as,
where S (Ψ) = Z S • S , and Z S is one auxiliary quantity. µS (Ψ) = µ g S (Ψ)g + k eg µ e S (Ψ)e + k wg µ w S (Ψ)w + k sg µ s S (Ψ)s . S (Ψ)g , S (Ψ)e , S (Ψ)w , and S (Ψ)s are respectively the components of the quantum-field source S (Ψ) in the spaces, H g , H e , H w , and H s .
The complex-sedenion quantum-field source S (Ψ)s consists of the field sources of four fundamental quantum-fields and of twelve adjoint quantum-fields obviously. The ingredients of the quantum-field sources in the four complexquaternion spaces are as follows: a) In the complex-quaternion space H g , the component S (Ψ)g covers the gravitational fundamental quantum-field source S g (Ψ)g , electromagnetic adjoint quantum-field source S e (Ψ)e , W-nuclear adjoint quantum-field source S w (Ψ)w , and strong-nuclear adjoint quantum-field source S In the complex-sedenion space K , the quantum-fields in the quantum mechanics are the functions of the classical fields in the classical mechanics. Especially, the quantum-field sources in the quantum mechanics can be considered as the functions of the classical field sources in the classical mechanics. This situation is similar to that of the stationary wave or solitary wave, which can be found in the rivers sometimes.
Under certain circumstances, the term,
. Herein g A is a coefficient, and Z ′ W is an auxiliary quantity. By means of the transformations of complex-quaternion spaces, the definitions of the complex-sedenion quantum-field potential, quantum-field strength, and quantum-field source are able to be degenerated respectively into that of the field potential, field strength, and field source in the Yang-Mills equations for the non-Abelian gauge field (in Section 7). 
quantum field strength
D. Quantum angular momentum
In the complex-sedenion space K , from the complex-sedenion quantum-field source, it is able to define the complexsedenion quantum linear momentum P (Ψ) as,
where P (Ψ) = Z P • P , and Z P is one auxiliary quantity. P (Ψ) = P (Ψ)g + k eg P (Ψ)e + k wg P (Ψ)w + k sg P (Ψ)s . P (Ψ)g , P (Ψ)e , P (Ψ)w , and P (Ψ)s are respectively the components of the quantum linear momentum P (Ψ) in the spaces, H g , H e , H w , and H s .
P (Ψ)g0 + ΣI gk P (Ψ)gk . P (Ψ)e = iI e0 P (Ψ)e0 + ΣI ek P (Ψ)ek . P (Ψ)w = iI w0 P (Ψ)w0 + ΣI wk P (Ψ)wk . P (Ψ)s = iI s0 P (Ψ)s0 + ΣI sk P (Ψ)sk . P (Ψ)gj , P (Ψ)ej , P (Ψ)wj , and P (Ψ)sj are all real.
From the complex-sedenion composite radius vector U and quantum linear momentum P (Ψ) , it is capable of defining the complex-sedenion quantum angular momentum L (Ψ) as ,
, and L (Ψ)s are the components of the quantum angular momentum L (Ψ) in the spaces, H g , H e , H w , and H s , respectively. And that the ingredients of the quantum angular momentum in the four complex-quaternion spaces are as follows,
E. Quantum torque
From the complex-sedenion quantum angular momentum, it is able to define the complex-sedenion quantum torque W (Ψ) as,
where W (Ψ) = Z W • W , and Z W is one auxiliary quantity.
Ψ)w , and W (Ψ)s are respectively the components of the quantum torque W (Ψ) in the spaces, H g , H e , H w , and H s . And that the ingredients of the quantum torque in the four complex-quaternion spaces are,
In the complex-sedenion space K , under certain circumstances, the term, Z W • W ⋆ , in the operator D Z may be degenerated into the term, W ⋆ , and then the quantum torque equation, W (Ψ) = 0 , is able to be degraded into the Dirac wave equation. Especially, in the complex-octonion space O , the quantum torque equation, W (Ψ) = 0 , can be reduced into the Dirac wave equation described with the complex-numbers (Appendix B), and even Schödinger wave equation (Appendix C).
F. Quantum force
From the complex-sedenion quantum torque, it is capable of defining the complex-sedenion quantum force N (Ψ) as,
where N (Ψ) = Z N • N , and Z N is one auxiliary quantity.
, N (Ψ)w , and N (Ψ)s are respectively the components of the quantum force N (Ψ) in the spaces, H g , H e , H w , and H s . And that the ingredients of the quantum force in the four complex-quaternion spaces are as follows,
In the complex-sedenion space K , it is found that there are some similarities as well as differences between the quantum physical quantity in the Table 4 and classical physical quantity in the Table 2 . For instance, in terms of the definition of quantum-field strengths in the quantum mechanics, it should satisfy the following three equations simultaneously,
meanwhile the physical quantities, A , F and W , in the classical mechanics must meet the requirement of the Table  2 . Consequently the choices of the auxiliary quantities, Z A , Z F , and Z W , are not arbitrary, and they have to meet the physical conditions in every physical problem.
VI. DARK MATTER FIELD
In each complex-quaternion space, it is able to determine the 'charge' relevant to some fields, from the definition of the fundamental/adjoint field source. Especially, in the complex-quaternion space H g , each of three adjoint field sources is able to exert partially the gravitational influence to other objects. The 'charges' in the three adjoint field sources are the competitive candidates for the particles of dark matter field. Further the three adjoint field sources are capable of combining with other fundamental/adjoint field sources to constitute various and complicated particles.
A. One-source particle
In the complex-sedenion space, it is able to possess simultaneously the field sources of four fundamental fields, and of twelve adjoint fields (see Table 1 ). Each one-source particle is seized of a single field source, producing one of four interactions merely (Table 5 ).
In the complex-quaternion space H g , the 'charge' of one-source particle for the gravitational fundamental field is m g g , inducing the gravitational interaction. In the complex 2-quaternion space H e , the 'charge' of one-source particle for the electromagnetic fundamental field is m g e , producing the electromagnetic interaction. In the complex 3-quaternion space H w , the 'charge' of one-source particle for the W-nuclear fundamental field is m g w , producing the W-nuclear interaction. In the complex 4-quaternion space H s , the 'charge' of one-source particle for the strong-nuclear fundamental field is m g s , producing the strong-nuclear interaction. In the complex-quaternion space H g , the 'charges' of one-source particles for the adjoint fields are, m The above states that each of four interactions may consist of the contributions of four different fundamental/adjoint field sources, in the complex-sedenion space K . As a result, the measured value of each interaction, in the laboratory, may be the superposition of certain influences, coming from various one-source particles. By means of the measurement of fundamental/adjoint field strengths, occasionally it may be possible to distinguish the contributions coming from different one-source particles. However, it will be quite difficult and even impossible to do that, under most situations.
B. Two-source particle The two-source particle is possessed of two fundamental/adjoint field sources, producing two sorts of interactions simultaneously, including the charged particle and so forth. These two field sources of a two-source particle may be situated in either the same complex-quaternion space, or two different complex-quaternion spaces.
At present, only a part of two-source particles may be measured, due to the lack of effective measurement methods, such as, the charged particle ( m g g and m g e ) . In terms of some two-source particles, merely one of two field sources can be measured. For example, only the field source of fundamental field can be measured, for some two-source particles ( m g g and m e e ; or m g e and m s e ; and so on ), which consist of one fundamental field source and an adjoint field source. However, some two-source particles are impossible to be measured temporarily, for instance, the two-source particles, which comprise two sorts of adjoint field sources ( m e g and m w e ; and so on). In the above, the classical mechanics, described with the complex-sedenions, predicts the existences and gravitational influences of three 'charges' ( m e e , m w w , or m s s ) of adjoint fields, in the complex-quaternion space H g , in terms of the two-source particles. Meanwhile, the astronomical scientists found the existence of dark matters to be able to exert the gravitational influences, although the scholars have not yet found a few appropriate measurement methods. It means that it is necessary to create a new research domain of the measurement methods in the physics.
C. Three-source particle The three-source particle is in possession of three fundamental/adjoint field sources, generating three sorts of interactions simultaneously, including the lepton and so forth. These three field sources of a three-source particle may be located in the same complex-quaternion space, or two or three different complex-quaternion spaces.
The 'charges' of a three-source particle may contain the mass ( m In contrast to the variety of two-source particles, the varieties of three-source particles will be much more. At the present time, only the fundamental field sources may be measured in the three-source particles, due to the lack of measurement methods. Undoubtedly, the varieties of three-source particles, which are able to be measured, must be very little temporarily, especially these three-source particles connected with the adjoint field sources.
Because the W-nuclear field and strong-nuclear field both are short-range, a part of particles have to be measured within a short distance, increasing inevitably the difficulty of measurement in the experiments. And it implies that there may be multitudinous undetected particles, surrounding the human being right now. The situation of these undetected particles is just similar to that of the 'atmosphere', which was undiscovered yet before several centuries.
D. Four-source particle
The four-source particle is seized of four fundamental/adjoint field sources, yielding four sorts of interactions simultaneously, including the quark and so forth. These four field sources of a four-source particle may be located in the same complex-quaternion space, or two or three and even four different complex-quaternion spaces.
The 'charges' of a four-source particle may consist of the mass ( m , such as, the quark and so forth. Also the 'charges' of a four-source particle may contain other types of combinations of field sources, especially various combinations among the fundamental field sources and adjoint field sources. Moreover, the types of four-source particles will be much more than that of the three-source particles. In the absence of appropriate measurement methods, only the fundamental field sources may be measured in the four-source particles nowadays. Apparently, the types of four-source particles, which are able to be measured, should be very little temporarily, especially these four-source particles relevant to the adjoint field sources.
Further, there may be certain multi-source particles, with more than four fundamental/adjoint field sources. Take into accounting the short-range property regarding the W-nuclear field and strong-nuclear field, it is possible that there may be numerous undetectable one-source, two-source, and three-source (and four-source, and even multi-source) particles, lingering around the existing microscopic particles all the time. In other words, the dark matter particles and other undiscovered particles have been surrounding not only the celestial bodies but also the human being since a long time, constituting one new type of 'atmosphere'.
In terms of the electromagnetic interaction in the preceding particles, it is able to possess the electromagnetic fundamental field and three electromagnetic adjoint fields simultaneously, in the complex-sedenion space K . Even if there are only the complex-sedenion electromagnetic (fundamental/adjoint) quantum-field potentials, the existences of the three electromagnetic adjoint field potentials enable still them to constitute the Yang-Mills equations for the non-Abelian gauge field, described with the complex-sedenions. 
VII. YANG-MILLS EQUATIONS
In the complex-sedenion space, when the term,
, the complex-sedenion quantum-field potential, quantum-field strength, and quantum-field source will be degenerated into that of the non-Abelian gauge field. Further, making use of the transformations of complexquaternion spaces, the field equations of non-Abelian gauge field are able to be degraded into the existing Yang-Mills equations for the non-Abelian gauge field.
A. Non-Abelian gauge field
In the complex-sedenion space, the electromagnetic quantum-field potential A (Ψ)e is in possession of the components in the four complex-quaternion spaces, H g , H e , H w , and H s , including A g (Ψ)e , A e (Ψ)e , A w (Ψ)e , and A s (Ψ)e . Apparently, when there is only the electromagnetic quantum-field potential, its components are still able to constitute the nonAbelian gauge field.
Under certain circumstances, the term, k eg Z W e • W ⋆ e /( v 0 ) , of the operator D Z may be degenerated into the term, k eg g Ae Z ′ W e • A (Ψ)e , in the complex-sedenion space. Therefore the definition of complex-sedenion quantum-field strength, for the electromagnetic quantum-field, will be approximately written as,
where g Ae is a coefficient. Z W e and Z ′ W e are two auxiliary quantities. In contrast to the existing electroweak field, the components, A e (Ψ)e , A w (Ψ)e , and A s (Ψ)e , of the electromagnetic quantum-field potential, in the three complex-quaternion spaces, H g , H s , and H w , can be considered as three weaknuclear quantum-field potentials. By means of the transformations of complex-quaternion spaces, the electromagnetic quantum-field potentials and field strengths, described with the complex-sedenions, are able to be degenerated into the field equations for the existing electroweak field.
On the basis of the preceding analysis, one can conclude that the electromagnetic quantum-field, described with the complex-sedenions, is compatible with the existing electroweak field, and even both of them give mutual support to each other, to a certain extent. On the one hand, the components of the electromagnetic quantum-field potential, in the three complex-quaternion spaces, H g , H s , and H w , can be considered as three weak-nuclear quantum-field potentials. Therefore the electroweak theory seems to imply that it is reasonable the existence of the electromagnetic adjoint quantum-field, in the complex-sedenion space. On the other hand, the electroweak theory revealed that the existing weak-nuclear field is not a fundamental field, and is just an ingredient of the electroweak field. It could even be said that the weak-nuclear field is just a component of the electromagnetic quantum-field, described with the complex-sedenions. Obviously, the latter description is comparatively brief and convenient.
Similarly, in the complex-sedenion space, the strong-nuclear (or gravitational) quantum-field potential is seized of the components in the four complex-quaternion spaces, constituting the non-Abelian gauge field. Especially, the strong-nuclear quantum-field potential A (Ψ)s possesses the components in the four complex-quaternion spaces, H g , H e , H w , and H s , including A Table 4 .
By means of the multiplicative closure (Appendix D) of sedenions, the complex-sedenion space is able to explore simultaneously four sorts of fundamental interactions. And that the four interactions have to exist in the complexsedenion space simultaneously. They are similar to the four surfaces of one tetrahedral, and none of four surfaces can be dispensable. If the three adjoint quantum-fields of the complex-sedenion electromagnetic quantum-field can be considered as the existing weak-nuclear field, there must be one new fundamental interaction, that is, 'W-nuclear interaction'. The latter replaces the weak-nuclear interaction, in the complex-sedenion space.
B. Space transformation
If the electromagnetic fundamental quantum-field can be transformed from the complex 2-quaternion space, H e , into the complex-quaternion space, H g , it will facilitate us to find that there are certain similarities between the definition of field strength in the electroweak field and that of quantum-field strength in the electromagnetic quantum-field, described with the complex-sedenions.
, the definition of the complex-sedenion quantum-field strength,
will be written approximatively as,
Making use of a transformation, A
, it is able to achieve a new complex-sedenion quantum-field potential, A ′ (Ψ) , which is written as,
And that the ingredients of the quantum-field potential, A ′ (Ψ) , in the four complex-quaternion spaces are as follows,
By all appearances, the electromagnetic quantum-field potential, A (Ψ)e , in the complex 2-quaternion space, H e , has been transformed into the electromagnetic quantum-field potential, A 
where, g 
, with three unit matrices, I e0 , I w0 , and I s0 . This point of view is consistent with that in the electroweak theory.
According to the multiplication rule of sedenions, three unit vectors, I g1 , I g2 , and I g3 , of the quaternions meet the demand of the rule for matrix multiplication of the Pauli matrices. Also three unit vectors, I e0 , I w0 , and I s0 , of the sedenions satisfy the requirement of the rule for matrix multiplication of the Pauli matrices. Apparently, the three unit vectors of the sedenions are equivalent to the generators of Lie algebra in the electroweak theory. Moreover, the coefficient g ′ A in Eq. (54) for the microscopic scale is distinct from the coefficient µ in Eq.(3) for the macroscopic scale, and that the two coefficients exist in different equations. Similarly, the hypercharge and electric charge are two different coefficients, appearing in different equations, so there is conflict free between the two coefficients.
Under certain conditions, the definition of quantum-field strength, Eq.(54), described with the complex-sedenions, will accord with that of field strength for the non-Abelian gauge field in the electroweak theory naturally. a) In the complex-sedenion operator, ♦ , it is able to consider merely the contribution of term, ♦ g . That is, the contributions, coming from the rest of operator, ♦, can be neglected. b) Sometimes, the contributions coming from three terms, g coefficients. c) Marking the letters, g, e, w, and s, of the superscript and subscript in the paper as the numbers, 1, 2, 3, and 4, will enable the marking method of the complex-sedenion quantum-field to close to that of electroweak field, facilitating to contrast the similarities and differences between the two theories.
Especially, when there is merely the electromagnetic quantum-field potential, Eq.(54) in the above is accordant with the definition of field strength in the electroweak theory. After the transforming, from the point of view of the complex-sedenion space, the electromagnetic field within the electroweak field will situate in the complex-quaternion space, H g , while three weak-nuclear fields (and generators of Lie algebra) within the electroweak field situate in three other complex-quaternion spaces, H e , H w , and H s , respectively. And one can observe distinctly the equivalency between the electroweak field and the electromagnetic fundamental/adjoint quantum-fields, in the complex-sedenion space. From the perspective of interactions, the electromagnetic interaction includes the electromagnetic fundamental field and adjoint quantum-field. As the function of the electromagnetic fundamental/adjoint quantum-fields, the electromagnetic quantum-field must belong to the electromagnetic interaction. In other words, in the complex-sedenion space, the electroweak field belongs to the electromagnetic interaction also, as the equivalent of the electromagnetic quantum-field. All of a sudden, it is found that the study of electroweak theory is so closely interrelated with the electromagnetic quantum-field theory, described with the complex-sedenions, by means of the transformations of coordinate systems and spaces.
Further, in the complex-octonion space O , for the classical electromagnetic field on the macroscopic scale, it is capable of deducing the definitions of the electromagnetic strength and electromagnetic source (see Ref. [18] ), from the field equations, ♦ g • A e = F e , and ♦ * g • F e = −µS e , respectively. Similarly, in the complex-octonion space O , for the electromagnetic quantum-field on the microscopic scale, there may be one comparatively simple situation that the contribution of term, {iZ W • W ⋆ /( v 0 )} can be neglected approximately. Therefore one can derive the definitions of the electromagnetic quantum strength and quantum source, from the field equations, ♦ g • A (Ψ)e = F (Ψ)e , and ♦ * g • F (Ψ)e = −µS (Ψ)e , respectively, for the simple cases. The preceding discussion illuminates that it is able to define the complex-sedenion quantum-field strength, from the complex-sedenion quantum-field potential. This method can be extended into the definition of complex-sedenion quantum-field source. And the definitions of the complex-sedenion quantum-field potential and field source can be degenerated into the Yang-Mills equations of non-Abelian gauge field in the electroweak theory (Table 6 ).
In terms of the non-Abelian gauge field, described with the complex-sedenions, it is able to apply the complexquaternion wavefunction to explore the physical quantities, relevant to the fundamental field and adjoint field, in each complex-quaternion space. In contrast to the wavefunction, described with the complex-numbers, the complexquaternion wavefunction will be seized of three new degrees of freedom extraordinarily, which can be regarded as the color degrees of freedom.
TABLE VI: Some field equations of the non-Abelian gauge field in the complex-sedenion quantum mechanics, when the term,
. In terms of the electromagnetic quantum-field, these field equations can be degenerated into the Yang-Mills equations for the electroweak field.
quantum physics quantity definition quantum field potential
VIII. COLOR DEGREES OF FREEDOM
In certain circumstances for the complex-quaternion space H g , a physical problem may allow a three-dimensional unit vector i q , of the complex-quaternion wavefunction A (Ψ)g , to be degraded into one three-dimensional unit vector i ′ q , which is independent of the unit vector i q . In contrast to the imaginary unit, the unit vector i ′ q possesses three new degrees of freedom. Consequently, the complex-quaternion wavefunction A (Ψ)g is able to be degenerated and separated into three complex-number wavefunctions, with three new degrees of freedom, in the conventional quantum mechanics. These additional degrees of freedom are so-called color degrees of freedom.
A. New degrees of freedom
In terms of the physical problems, we may stand a chance of achieving a few degrees of freedom, in case the complex-quaternion wavefunctions can be degenerated into the complex-number wavefunctions approximately. In the complex-quaternion space H g , there may be two sorts of degenerations connected with the complex-quaternion wavefunctions. a) Imaginary unit. In some simple physical problems, the three-dimensional unit vector i q , of the complex-quaternion wavefunction A (Ψ)g , can be directly degraded into the imaginary unit, i . Therefore, the complex-quaternion wavefunction is able to be degraded into the conventional wavefunction, described with the complex-numbers (see Appendix A). b) Unit vector. In some other physical problems, there is also another possibility that the three-dimensional unit vector i q , of the complex-quaternion wavefunction A (Ψ)g , can only be degraded into one new three-dimensional unit vector i ′ q , which is independent of the unit vector i q . This new three-dimensional unit vector i ′ q is also seized of the properties of the imaginary unit, and is in possession of three new degrees of freedom, in contrast to the imaginary unit. These new degrees of freedom can be considered as the color degrees of freedom. Subsequently the complex-quaternion wavefunction can be simplified and separated into three complexnumber wavefunctions, with three new degrees of freedom, in the conventional quantum mechanics.
In some simple circumstances, in the complex-quaternion space H g , the direction properties of the complexquaternion wavefunction is incapable of playing a major role, and even can be neglected totally. In this case, the three-dimensional unit vector i q , in the complex-quaternion wavefunction, A (Ψ)g , will be degraded into the imaginary unit i . And the complex-quaternion wavefunction A (Ψ)g is able to be degenerated the classical wavefunction, described with the complex-numbers, in the conventional quantum mechanics. In case the term, Z W •W ⋆ , can be simplified into the term, W ⋆ , it is capable of achieving the Dirac wave equation, from the field equations in the Table 6 . When the quantum torque is equal to zero, the equation, W (Ψ) = 0, can be reduced into the conventional Dirac wave equation, described with the complex-numbers, for the colorless quantum states in the physical problems. In some other complicated circumstances, in the complex-quaternion space H g , the direction property of complexquaternion wavefunction is only able to play a partial role, so it can merely be neglected partially, although the direction property cannot play a major role either. In this case, the three-dimensional unit vector i q , of the complexquaternion wavefunction A (Ψ)g , can only be degraded into a three-dimensional unit vector, i ′ q , which is independent of the unit vector i q . Herein i (2) , and i ′ q(3) are three unit vectors, which are perpendicular to each other. f k is a coefficient. Subsequently, the complex-quaternion wavefunction is able to be degenerated into the complex-number wavefunction, with three new degrees of freedom, in the conventional quantum mechanics. That is, one complex-quaternion wavefunction can be simplified into three 'degenerated' complex-number wavefunctions, which are independent of each other and relevant to the unit vector, i ′ q(k) . And these three 'degenerated' complex-number wavefunctions are identical to each other, except for the unit vector, i ′ q(k) . Further, in order to differentiate the three 'degenerated' complex-number wavefunctions, it is necessary to introduce a new variable to mark them. Therefore this new variable, relevant to the unit vector i ′ q(k) , can be regarded as the color degree of freedom. It stands for the three basis vectors of the unit vector i ′ q(k) . This new argument, that is, the color degree of freedom, enables the complex-quaternion wavefunction to be written as three conventional complex-number wavefunctions equivalently, while the unit vector, i ′ q(k) , may be reduced into the imaginary unit, i, further. It means that the existing 'three colors' can be merged into the complex-quaternion wavefunction directly. Just like the hypothesis of 'phlogiston', the assumption of color charge is redundant too. The historical mission of color charge seems to ascertain merely the validity of complex-quaternion wavefunction, in the complex-quaternion space H g . Apparently, the above approximate method, in the complex-quaternion space H g , is possible to be extended into some comparatively complicated approximate methods in three complex-quaternion spaces, H e , H w , and H s .
B. Color confinement
In the complex-quaternion space H g , in terms of the gravitational quantum-field potential A (Ψ)g , in case the threedimensional unit vector i q , of the complex-quaternion wavefunction A (Ψ)g , can be degraded into an independent three-dimensional unit vector, i ′ q , the complex-quaternion wavefunction A (Ψ)g will be degenerated into three classical complex-number wavefunctions, in the conventional quantum mechanics. This is equivalent to increasing three degrees of freedom, for the classical complex-number wavefunctions, in the conventional quantum mechanics, and it is able to apply the 'three colors', R g , G g , and B g , to mark them. Apparently, this method can be extended into some complex-quaternion wavefunctions, in the three complex-quaternion spaces, H e , H w , and H s .
In the complex 2-quaternion space H e , in terms of the electromagnetic quantum-field potential A (Ψ)e , if the threedimensional unit vector i q(e) , of the complex 2-quaternion wavefunction A (Ψ)e , can be reduced into an independent three-dimensional unit vector, i ′ q(e) , also the complex 2-quaternion wavefunction A (Ψ)e may be degenerated into three classical complex-number wavefunctions, in the conventional quantum mechanics. This is equivalent to increasing three degrees of freedom, for the classical complex-number wavefunctions of the conventional quantum mechanics, in the complex 2-quaternion space H e , and it is able to apply the 'three colors', R e , G e , and B e , to mark them.
However, the 'three colors', R e , G e , and B e , in the complex 2-quaternion space H e , are different from the 'three colors', R g , G g , and B g , in the complex-quaternion space H g . Therefore, when there are simultaneously two complex-quaternion wavefunctions, A (Ψ)g and A (Ψ)e , the classical complex-number wavefunctions of the conventional quantum mechanics will increase six degrees of freedom, or 'six colors', accordingly, in the complex-octonion space O.
By analogy with the above, each of two complex-quaternion spaces, H w and H s , will result in three new degrees of freedom. Apparently the 'three colors', R w , G w , and B w , in the complex 3-quaternion space H w , are also different from the 'three colors', R s , G s , and B s , in the complex 4-quaternion space H s . Consequently, in the complex-sedenion space, when the quantum-field potential A (Ψ) is degenerated into the classical complex-number wavefunctions of the conventional quantum mechanics, it is necessary to increase totally twelve degrees of freedom, or 'twelve colors' ( Table 7) .
The preceding research states that it is possible to increase twelves degrees of freedom, for the physical problems, when the wavefunction, described with the complex-sedenions, is degenerated into the classical complex-number wavefunctions, in the conventional quantum mechanics. In other words, the color degrees of freedom are only the spatial dimensions of the unit vector in the complex-sedenion wavefunction, rather than any property of physical substance. The color degrees of freedom are invisible and a sort of equivalent description, while it is able to measure the contribution of the color degrees of freedom. Consequently, the color confinement will be effective for all time. And even one may deem that the assumption of color charge is unnecessary.
Making a comparison and analysis of preceding studies, it is found that the QCD is so closely interrelated with the quantum mechanics described with the complex-sedenions to a certain extent, in terms of the color degrees of freedom and color confinement. a) Color degrees of freedom. The quantum mechanics, described with the complex-sedenions, contemplates that it is necessary to introduce the color degrees of freedom, increasing the number of complex-number wavefunctions for certain physical quantities, exploring accurately the physical phenomena of the quarks. This is a standpoint accordant with the QCD. b) Essence of 'three colors'. The QCD assumed that there must be the color charge, which is similar to the electric charge, elucidating the existence of the color degrees of freedom, although it is unable to validate the authenticity of the color charge until now. Nevertheless, the quantum mechanics, described with the complex-sedenions, deems that the color degrees of freedom are just three spatial dimensions of the unit vector in the complex-quaternion wavefunction. As a result, the color degrees of freedom must possess one precise number. Obviously, the paper is very noticeably different from the QCD, in terms of the explanation for the essence of 'three colors'. The QCD believes the 'three colors' are relevant to a physical substance in essence, while the paper contemplates that the 'three colors' are only the spatial dimensions. c) Color confinement. In the QCD, the color confinement is a rule summarized from the analysis of some physical phenomena, elucidating the invisibility of quarks, exploring the physical phenomena of quarks and leptons. However, in the quantum mechanics described with the complex-sedenions, the color degrees of freedom are just the spatial dimensions, so the color confinement must be effective always. These two theories both accept the color confinement, although they provide two different explanations.
TABLE VII: There are twelve color degrees of freedom in the quantum mechanics described with the complex-sedenions, when the complex-sedenion quantum-field potential is degenerated into the classical complex-number wavefunctions of the conventional quantum mechanics.
complex-quaternion space color degree of freedom
Rs , Gs , Bs
IX. CONCLUSIONS AND DISCUSSIONS
Each of four fundamental fields is in possession of its individual complex-quaternion space. As a result, these four fundamental fields are seized of four complex-quaternion spaces, which are independent of each other. Further the four complex-quaternion spaces, which are perpendicular to each other, are able to combine together to become one complex-sedenion space. In other words, the complex-sedenion space can be applied to describe simultaneously the physical properties of gravitational field, electromagnetic field, W-nuclear field, and strong-nuclear field. In the complex-sedenion space, the complex-sedenion operator and field strength will constitute a composite operator, exploring the field equations of the classical mechanics on the macroscopic scale. And the field equations may be degenerated into the electromagnetic field equations and gravitational field equations and so forth.
The complex-quaternion physical quantities of each fundamental field can be rewritten as the exponential form. By means of the concepts of the auxiliary quantity and function, the product of the complex-quaternion physical quantity and auxiliary quantity is able to be rewritten as the exponential wavefunction, which may be degenerated into the conventional wavefunction in the existing quantum mechanics. Similarly, making use of the auxiliary quantity, it is able to deduce the complex-sedenion field equations of the quantum mechanics on the microscopic scale, from the above field equations of the classical mechanics. Under certain approximate conditions, two of quantum-field equations will be degenerated respectively into the complex-number Dirac wave equation and Yang-Mills equation in the non-Abelian gauge field.
In the complex-quaternion space H g , when the three-dimensional unit vector, i q , can be degraded into the imaginary unit i , the complex-quaternion wavefunction will be degenerated into complex-number wavefunction, in the conventional quantum mechanics. What is more important is that there may be another approximate method, for certain physical problems. That is, the three-dimensional unit vector, i q , can be degraded into the three-dimensional unit vector, i ′ q , which is independent of the unit vector i q . It means that the degrees of freedom of the threedimensional unit vector, i ′ q , are three more than that of the imaginary unit i . In other words, the wavefunction, relevant to the three-dimensional unit vector i ′ q , has three degrees of freedom more than that connected with the imaginary unit i . In case the three-dimensional unit vector, i ′ q = Σf k i ′ q(k) , was mistaken for the imaginary unit i, it is necessary to introduce 'three colors' to mark the three new degrees of freedom of the wavefunction, relevant to the three-dimensional unit vector i ′ q . For the same reason, there may be similar situations, in the complex-quaternion spaces, H e , H w , and H s . Therefore there will be 'twelve colors' totally, in the complex-sedenion space. And the color degrees of freedom are merely the spatial dimensions of the unit vector in the wavefunction, rather than any property of physical substance.
In the complex-sedenion space, there are four fundamental field sources, and twelve adjoint field sources. In each of four complex-quaternion spaces, there are one fundamental field source, and three adjoint field sources. Especially, in the complex-quaternion space H g , one fundamental field source is m g g , and three adjoint field sources are m e e , m w w , and m s s , respectively. These three adjoint field sources are able to generate a part of gravitational effects, so they can be considered as the candidates for the particles of dark matter. Further these three adjoint field sources can be combined with some other fundamental/adjoint field sources to become the two-source, three-source, or four-source (and even multi-source) particles. Consequently, there may be many sorts of particles to possess the properties of dark matter. These undetectable particles of dark matter may be ubiquitous, surrounding not only the celestial bodies but also the particles of ordinary matter, encompassing the human being.
It should be noted the paper discussed only some simple cases about the wavefunctions and quantum-field equations, described with the complex-sedenions. However it clearly states that the quantum-field equations can be degenerated into the Dirac wavefunction and Yang-Mills equations in the non-Abelian gauge field. Later, the complex-sedenion wavefunction can be applied to elucidate the color degrees of freedom and color confinement and so forth in the non-Abelian gauge field. And the color degrees of freedom are merely the spatial dimensions of the unit vector in the complex-sedenion wavefunction, rather than any property of physical substance, unpuzzling the color confinement essentially. In the following study, it is going to apply the complex-sedenions to explore the varieties and contributions of the color degrees of freedom, discussing the influence of the color confinement on some physical phenomena.
Appendix A: Wave function
In the subspace H g of the complex-octonion space O , the quaternion angular momentum is written as,
where L g0 = (u 0 P g0 + u · P g ) + k 2 eg (U 0 • P e0 + U · P e ), L g = (u × P g + k 2 eg U × P e ), L i g = (P g0 u − u 0 P g ) + k 2 eg (U • P e0 − U 0 • P e ). The part, L g0 , covers the term, u · P g . The part, L i g , contains the term, P g0 u , and is similar to the electric dipole moment. The orbital angular momentum, L g , includes the term, u × P g , and is similar to the magnetic dipole moment. U g = iu 0 + u . U e = iU 0 + U . P g = iP g0 + P g . P e = iP e0 + P e . L g = ΣL gk i k . L The quaternion wavefunction, relevant to the quaternion angular momentum, is defined as, Ψ Lg = L g / , and Ψ Lg = iL 9 exp{i 9 (π/2)} + L q exp(i q α q ) ,
with
where L i g / = L 9 exp{i 9 (π/2)} , (L g0 + L g )/ = L q exp(i q α q ) . i 9 and i q both are unit vectors in the complexquaternion space H g . i 
Further, from the other transformation, Ψ ′′ = −z • Ψ ′ Lg , it is able to achieve another wavefunction,
where z = Σz k i k , L q = 1 , z k is a dimensionless real number.
The above reveals what plays an important role in the quantum theory is the wavefunction, Ψ ′′ = −z • Ψ ′ Lg , rather than Ψ ′ Lg . Generally, from the wavefunction Ψ L , it is able to define an octonion wavefunction,
where Z L is an auxiliary quantity, and also an octonion dimensionless quantity, including i g and z . Ψ ZL covers Ψ and Ψ ′′ and so on. Similarly, in the quantum mechanics described with the complex-quaternions, other physical quantities and various wavefunctions, in the complex-quaternion space H g , can be transformed into that in the conventional quantum mechanics. And that the method can be extended into other three complex-quaternion spaces.
Appendix B: Dirac wave equation
In certain circumstances, the wavefunction relevant to the octonion torque can be written as,
or
The octonion torque, W , comprises the contributions coming from the electromagnetic and gravitational fields. And the contribution cases of the octonion angular momentum, L, are similar to that of W . In case Ψ W L = 0, one wave equation relevant to the octonion torque will be derived from the above. Further this wave equation can be degenerated into the Dirac wave equation. If there is no applied electromagnetic and gravitational fields, Ψ W L = 0 will be simplified to the wave equation, for the particle with the nonzero rest mass in a free motion state.
In case there are not only the electromagnetic potential but also gravitational potential, the octonion torque will be reduced to,
where A g = iA g0 + A g . A e = iA e0 + A e . P g0 = m ′ v 0 . P e0 = (µ e /µ g )qV 0 I 0 . m ′ is the density of gravitational mass, while q is the density of electric charge. The speed of light, v 0 , is the scalar part of quaternion velocity, V g = v 0 ∂ 0 R g . V 0 is the scalar-like part of 2-quaternion velocity, V e = v 0 ∂ 0 R e , with V 0 = V 0 I 0 . In general, V 0 /v 0 ≈ 1 .
As a result, the octonion torque can be written as,
where either of two terms, A g and P g0 , comprises the contribution of gravitational fields. Meanwhile A e and P e0 both involve the contribution of electromagnetic fields. When Ψ W L = 0, substituting the above in the wavefunction, Eq.(B2), regarding the octonion torque, will deduce the complex-octonion Dirac wave equation as follows,
for the charged particle in the electromagnetic and gravitational fields. It means that either of gravitational potential and electromagnetic potential makes a contribution to the wave equation regarding the octonion torque, when there are the gravitational and electromagnetic fields simultaneously.
